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ON AUTOMATIC CONTINUITY OF THE DERIVATIONS ON
MODULE EXTENSION OF BANACH ALGEBRAS
H. FARHADI
Abstract. In this article we shall focus on the derivations on module exten-
sion of Banach algebras and determine the general structure of them. Then we
obtain some results concerning the automatic continuity of these mappings.
1. Introduction
Let A be a Banach algebra (over the complex field C), and U be a Banach A-
bimodule. A linear mapping D : A → U is called a derivation if D(ab) = aD(b) +
D(a)b holds for all a, b ∈ A. If U = A, then D is said to be a derivation on Banach
algebra A. For any u ∈ U , the mapping idu : A → U given by idu(a) = au − ua
is a continuous derivation called inner derivation induced by u. Derivations and
their various properties are significant subjects in the study of Banach algebras.
One of the most important problems related to these mappings is this question;
Under what conditions is a derivation D : A → U continuous? This question lies in
the theory of automatic continuity which is an important subject in mathematical
analysis and has attracted the attention of researchers during the last few decades.
In this theory we are looking for conditions under which one can conclude that a
linear mapping between two Banach algebras (or two Banach spaces, in general) is
necessarily continuous. For more information, the reader may refer to [3] which is
a detailed source in this context. Here we mention the most important established
results in this regard. A celebrated theorem due to Johnson and Sinclair [17] states
that every derivation on a semisimple Banach algebra is continuous. Later on,
Ringrose in [21] showed that every derivation from a C∗-algebra A into Banach
A-bimodule U is continuous. In [2], Christensen proved that every derivation from
nest algebra on Hilbert space H into B(H) is continuous. Additionally, some results
on automatic continuity of the derivations on prime Banach algebras have been
established by Villena in [26] and [27]. See also [4, 15] where the continuity of the
derivations are studied on certain rpoducts of Banach algebras. Some results on
the derivations and Jordan derivations on trivial extension and triangular Banach
algebras have been established by in a number of papers; see [4–14]
Let A be a Banach algebra and U be a Banach A-bimodule. The module ex-
tension or trivial extension Banach algebra associated to A and U , denoted by
T (A,U), is the ℓ1-direct sum A⊕U equipped with the algebra multiplication given
by
(a, u)(b, v) = (ab, av + ub) (a, b ∈ A, u, v ∈ U).
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and the norm
||(a, u)|| = ||a||+ ||u|| (a ∈ A, u ∈ U).
Many authors have studied this class of Banach algebras from different points of
view and investigated various properties of these spaces; see for example [20, 28].
At the end of this section we introduce some notations and expressions used in
the paper. Let A be a Banach algebra and U ,V be Banach A-bimodules. The
annihilator of U over A is defined as
annAU = {a ∈ A | aU = Ua = (0)}.
Recall that a linear mapping φ : U → V is said to be a left A-module homomorphism
if φ(au) = aφ(u) whenever a ∈ A and u ∈ U and it is a right A-module homomor-
phism if φ(ua) = φ(u)a (a ∈ A, u ∈ U). φ is called A-module homomorphism,
if φ is both left and right A-module homomorphism. The set of all continuous
A-module homomorphisms from U into V is denoted by HomA(U ,V).
2. Continuity of the derivations
Throughout this section A ,U are Banach algebras and T (A,U) denotes the
corresponding module extension Banach algebra. We commence with the following
proposition characterizing the derivations on T (A,U).
Proposition 2.1. Let D : T (A,U)→ T (A,U) be a linear mapping such that
D((a, u)) = (δ1(a) + τ1(u), δ2(a) + τ2(u)) ((a, u) ∈ A× U)
in which δ1 : A → A, δ2 : A → U , τ1 : U → A and τ2 : U → U are linear mappings.
Then the following are equivalent.
(i) D is a derivation.
(ii) δ1 : A → A, δ2 : A → U are derivations, τ2 : U → U is a linear mapping
satisfying
τ2(au) = aτ2(u) + δ2(a)u and τ2(ua) = τ2(u)a+ uδ2(a) (a ∈ A, u ∈ U).
τ1 : U → A is an A-bimodule homomorphism for which uτ1(v)+ τ1(u)v = 0
(u, v ∈ U).
As a consequence, any derivation D : T (A,U) → T (A,U) can be written as D =
D1 + D2 where D1((a, u)) = (δ1(a) + τ1(u), τ2(u)) and D2((a, u)) = (0, δ2(a)) are
derivations on T (A,U). Moreover, D is an inner derivation if and only if δ1, δ2
are inner derivations and τ1 = 0.
Proof. The proof follows from a straightforward verification. 
Remark 2.2. Note that one can show that the linear mapping δ : A → U is a
derivation if and only if D : T (A,U) → T (A,U) given by D((a, u)) = (0, δ(a)) is
a derivation. So if any derivation on T (A,U) is continuous, then any derivation
δ : A → U is continuous as well.
In the next proposition we give some sufficient conditions for derivations on A
be continuous.
Proposition 2.3. Suppose that there are A-bimodule homomorphisms φ : A → U
and ψ : U → A such that φoψ = IU (IU is the identity mapping on U). If every
derivation on T (A,U) is continuous, then every derivation on A is continuous.
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Proof. Let δ be a derivation on A. Define the map τ : U → U by τ = φoδoψ. Then
for every a ∈ A, x ∈ U ,
τ(ax) = aτ(x) + δ(a)x and τ(xa) = τ(x)a + xδ(a).
So the map D : T (A,U)→ T (A,U) defined by D((a, x)) = (δ(a), τ(x)) is a deriva-
tion which is continuous by the hypothesis. Thus δ is continuous. 
Remark 2.4. If A is a Banach algebra and I is a closed ideal on it, then A
I
is a
Banach A-bimodule and so we can consider T (A, A
I
). Suppose that A possesses a
bounded right (or left) approximate identity and every derivation on A and every
derivation fromA to A
I
is continuous. LetD be a derivation on T (A, A
I
) which has a
structure as in Proposition 2.1. Then τ1 :
A
I
→ A is anA-bimodule homomorphism.
Since A has a bounded right(left) approximate identity, then so does A
I
. Hence τ1
is continuous implying that D is continuous. So in this case any derivation on
T (A, A
I
) is continuous.
Remark 2.5. If I is a closed ideal in a Banach algebra A and δ : A → A is a
derivation such that δ(I) ⊆ I, then the mapping τ : A
I
→ A
I
defined by τ(a+ I) =
δ(a) + I is well-defined and linear and
τ(a(u+ I)) = aτ(u+ I) + δ(a)(u+ I) , τ((u+ I)a) = τ(u+ I)a+ (u+ I)δ(a).
Therefore the mapping D on T (A, A
I
) defined by D((a, u)) = (δ(a), τ(u + I)) is a
derivation. So if every derivation on T (A, A
I
) is continuous, then every derivation
δ : A → A with δ(I) ⊆ I is continuous.
In Remarks 2.4 and 2.5, if we let I = (0), then we have the following proposition.
Proposition 2.6. Let A be a Banach algebra.
(i) If A has a right (left) approximate identity and every derivation on A is
continuous, then any derivation on T (A,A) is continuous.
(ii) If every derivation on T (A,A) is continuous, then any derivation on A is
continuous.
Proposition 2.7. Let A be a semisimple Banach algebra which has a bounded ap-
proximate identity and U be a Banach A-bimodule with annAU = (0). Suppose
that there exists a surjective left A-module homomorphism φ : A → U and ev-
ery derivation from A into U is continuous, then every derivation on T (A,U) is
continuous.
Proof. Let D be a derivation on T (A,U) which has a structure as in Proposition
2.1. Since A is semisimple, every derivation from A into A is continuous. Now
by Proposition 2.1 and Remark 2.4, it follows that every derivation on T (A,U) is
continuous. 
Ringrose [21] proved that every derivation from a C∗-algebra into a Banach
bimodule is continuous. According to this result we give the following example
satisfying the conditions of the above proposition.
Example 2.8. Let A be a C∗-algebra and U be a Banach A-bimodule with
annAU = (0). Suppose that there exists a surjective left A-module homomorphism
φ : A → U . Hence A is a semisimple Banach algebra with a bounded approximate
identity. So by [21] and Proposition 2.7, any derivation on T (A,U) is continuous.
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An non-trivial element p in an algebra A is called an idempotent if p2 = p.
Proposition 2.9. Let A be a prime Banach algebra with a non-trivial idempotent
p (i.e. p 6= 0) such that Ap is finite dimensional. Then every derivation on A is
continuous.
Proof. Let U = Ap. Then U is a closed left ideal in A. By the following make U
into a Banach A-bimodule:
xa = 0 (x ∈ Ap, a ∈ A),
and the left multiplication is the usual multiplication of A. So we can consider
T (A,U) in this case. Since A is prime, it follows that annAU = (0). Let δ : A → A
be a derivation. Define the mapping τ : U → U by τ(ap) = δ(ap)p (a ∈ A). The
mapping τ is well-defined and linear. Also
τ(ax) = aτ(x) + δ(a)x and τ(xa) = τ(x)a + xδ(a) (a ∈ A, x ∈ U).
Since U is finite dimensional, it follows that τ is continuous. By Proposition 2.1, the
mapping D : T (A,U)→ T (A,U) defined by D((a, x)) = (δ(a), τ(x)) is a derivation.
Now for D, the conditions of Proposition 2.1 are all satisfied and so D is continuous.
Therefore δ is continuous. 
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